Abstract-Just as the 3-D Euclidean space can be inverted through any of its points, the special Euclidean group SE(3) admits an inversion symmetry through any of its elements and is known to be a symmetric space. In this paper, we show that the symmetric submanifolds of SE(3) can be systematically exploited to study the kinematics of a variety of kinesiological and mechanical systems and, therefore, have many potential applications in robot kinematics. Unlike Lie subgroups of SE(3), symmetric submanifolds inherit distinct geometric properties from inversion symmetry. They can be generated by kinematic chains with symmetric joint twists. The main contribution of this paper is: 1) to give a complete classification of symmetric submanifolds of SE(3); 2) to investigate their geometric properties for robotics applications; and 3) to develop a generic method for synthesizing their kinematic chains.
the Lie algebra se(3) of SE (3) . Central to the synthesis problem is the exponential map, denoted exp, which maps se(3), locally diffeomorphically, into SE (3) . In this paper, we shall adopt the homogeneous matrix representation for SE(3) [6] so that the exponential map is identified with the matrix exponential e (·) . Consider a serial manipulator comprising revolute (R), helical (H p ; p denotes pitch), or prismatic (P) joints, with linearly independent joint twists {ξ 1 , . . . ,ξ k },ξ i ∈ se(3). Its direct kinematics map is given by the product of exponentials (POE) formula [6] . The set of end-effector motions generated by the serial manipulator is given by
which coincides with a k-D submanifold of SE (3) in an open neighborhood of the identity I ∈ SE(3). We shall refer to (1) as a POE-submanifold, and we say it is the motion type [18] of the serial manipulator. In particular, when the linear span ofξ i s, denoted by {ξ 1 , . . . ,ξ k } sp , is a Lie subalgebra g of se(3), [19, p. 299, Lemma 9.2.6])]. Therefore, in general, Exp-submanifolds can be generated only by closed-loop manipulators [1] , [29] .
Exp-submanifolds have been used in robotics and biomechanics without being explicitly recognized or systematically studied. Bonev et al. [31] analyzed the rotational motion of several constant-velocity (CV) couplings using a modified Euler angle parameterization (tilt and torsion angles, [32] ), which is equivalent to the following parameterization for SO(3) [29] :
(θ 1 , θ 2 , σ) → e θ 1x +θ 2ŷ e σẑ ∈ SO(3)
where {x, y, z} denotes the canonical basis for R 3 , andŵ defines a 3 × 3 skew-symmetric matrix such thatŵv = w × v ∀w, v ∈ R 3 . Bonev observed that the torsion angle σ for a CV coupling is always zero, leading to a motion type exp{x,ŷ} sp , a 2-D Exp-submanifold [1] , [29] . In kinesiology and biomechanics, the same Exp-submanifold (under quaternion representation) is identified to be the motion type of human eye saccade [33] , [34] and is known to obey Listing's half-angle law: As the gaze direction rotates away from the initial primary direction (normal of the Listing's plane), the instantaneous velocity plane rotates away from the Listing's plane along the same rotation axis but half in magnitude [see Fig. 1(a) ].
Another example of Exp-submanifolds arises in three-degreeof-freedom (DoF) parallel-architecture CV couplings for intersecting shafts [35] , [36] . The instantaneous velocity of such a coupling always lies in the bisecting plane, 1 demanding the joint 1 The yellow plane shown in Fig. 1(b) 1) is perpendicular to the plane of input and output velocity w in and w ou t , and 2) bisects the complement of the working angle formed by w in and w ou t . twists in each connecting chain to be mirror symmetric about the bisecting plane in all configurations. Typical CV connecting chains include RSR (S for spherical joint) chain and RER (E for planar gliding joint) chain [35] . An in-parallel assembly of three RSR chains that are mirror symmetric about a common bisecting plane results in the "reflected tripod" [30] , [31] [see Fig. 1(b) ], which found applications in robotic wrists [37] and hyperredundant robots [38] . We showed that its motion type is the 3-D Exp-submanifold exp{ê 3 ,ê 4 ,ê 5 } sp [29] , where
denotes the canonical basis of se(3) (also see Fig. 2 ): If each 5-DoF RSR chain of the reflected tripod is reduced to a 4-DoF mirror symmetric UU (U for Cardan or universal joint) chain with the U joints of all chains on each side of the mirror sharing the same center of rotation [36] , we have the UNITRU coupling [39] [see Fig. 9(a) ], which has the motion type of a 2-D surface in exp{ê 3 ,ê 4 ,ê 5 } sp [29] . This 2-DoF parallel manipulator is later used by Rosheim and Sauter in the OmniWrist III [40] and reportedly to mimic human shoulder complex movement in terms of an extraordinary orientation range [41] . So far, no further results on general Exp-submanifolds of SE(3) are available in the literature.
It turns out that both the Listing's law of eye saccade and mirror symmetry of CV couplings can be attributed to inversion (or geodesic) symmetry, a class of diffeomorphism maps associated with symmetric spaces [42] . In fact, SE(3) is an (affine) symmetric space, with the inversion symmetry at each point g defined by [43] 
and that both exp{x,ŷ} sp (or equivalently exp{ê 4 ,ê 5 } sp ) and exp{ê 3 ,ê 4 ,ê 5 } sp can be extended via inversions to a unique symmetric space M. Such a submanifold M is closed under inversions
and will be referred to as symmetric submanifolds of SE(3) (they are more often referred to as symmetric subspaces in mathematical literature [42] , [43] ). Note that all connected Lie subgroups of SE(3) are automatically closed under inversions and are trivial symmetric submanifolds. We exclude Lie subgroups from our study, since their symmetric space structure can be studied in a way similar to that for SE (3) .
In this paper, we will show: 1) there are seven conjugacy classes of symmetric submanifolds of SE(3), all of which can be locally represented by exp m, with m being a Lie triple (sub)system (LTS) of se(3) [42] , [43] , i.e., a vector subspace of se(3) that is closed under double Lie brackets:
; 2) these symmetric submanifolds can be systematically studied to derive several common geometric properties, which include Listing's law and mirror symmetry of CV couplings as special cases (for exp{ê 4 ,ê 5 } sp and exp{ê 3 ,ê 4 ,ê 5 } sp respectively); and 3) we can develop a generic method for synthesizing their kinematic chains.
The only revelation that comes close to our discovery is Selig's attempt to study full-cycle mobility using totally geodesic submanifolds of SE(3) (see [44, Ch. 15.2] ). Only Lie subgroups are considered in [44] , but both Lie subgroups and symmetric submanifolds are totally geodesic (for the concept of totally geodesic submanifolds of a symmetric space, see [42] and [45] ; the totally geodesic submanifolds of a symmetric space are exactly the symmetric submanifolds [43, p. 121, Coro., Lemma
1.3]).
Recently, during the review process of this paper, Selig [46] submitted and published a paper that, among other things, presents a classification of the LTSs of se(3). However, we published a systematic classification of the LTSs of se(3) in an earlier conference paper [1] , which this manuscript relies upon and extends. In comparison with our previous and current results, Selig's classification has the following differences: It includes several Lie subalgebras into the classification of LTSs (all Lie subalgebras are, in fact, trivial LTSs), but omits the 5-D LTS {ê 1 ,ê 2 ,ê 3 ,ê 4 ,ê 5 } sp , because it does not meet the requirements of the application on which study [46] focuses, namely motion planning. This paper is organized as follows. Section II gives a brief review of the symmetric space SE(3) and a systematic classification of its symmetric submanifolds. Section III summarizes a list of geometric properties common to all symmetric submanifolds and shows how they can be applied to the study of eye saccade and CV coupling motion. Section IV proposes a systematic approach for synthesizing kinematic chains for symmetric submanifolds. Finally, Section V concludes our work.
II. INVERSION SYMMETRY OF SE(3) AND SYMMETRIC SUBMANIFOLDS
In this section, we first give a brief introduction to the symmetric space theory of SE(3) following the elementary treatment of Loos [43] . Then, we give a systematic classification of symmetric submanifolds or SE(3). We assume that the readers are familiar with basic Lie group theory of SE(3) [6] .
A. SE(3) as a Symmetric Space
We associate to each g ∈ SE(3) an inversion symmetry S g as defined in (3) . S g is involutive, i.e., S g • S g = id SE (3) , and reverses the exponential map exp gξ geξ for any tangent vector gξ ∈ T g SE(3) at g ∈ SE(3):
SE(3) equipped with the inversion symmetry is called a sym-
The group generated by {Q(g)|g ∈ SE(3)} under composition of maps is called the group of displacements (see [43, 
In this case, the R-vector spaces D − and D + can be identified with se (3) 
For anyξ,ζ ∈ se(3), from the fact that (see Appendix B for proof)
we have
Therefore, D + is a Lie algebra and D − is an LTS, since
Moreover, D + ⊕ D − is a Lie algebra and is identified with the Lie algebra ofG (see [43, p. 91, Th. 3.1d] ). In reference to the identification of se(3) with D − via (5), we also say that se (3) is an LTS.
B. Symmetric Submanifolds of SE(3)
A symmetric submanifold (containing the identity I) of SE (3) is a submanifold M, which is closed under inversion symmetry [see (4) ]. Since for ∀g 0 , g, h ∈ SE(3) is 
The following theorem establishes the fundamental relation between a symmetric submanifold M and its tangent space at identity. 
Proof: See Appendix C. According to Theorem 1, there is a one-to-one correspondence between LTSs of se(3) and symmetric submanifolds of SE(3) (containing I). Therefore, the systematic classification of symmetric submanifolds of SE(3) up to conjugation is equivalent to that of conjugacy classes of LTSs of se(3). Starting from a screw system of se(3) (see, for example, [30, Ch. 12] or [44, Ch. 8]), we can determine if it is an LTS by verifying closure under double Lie brackets for an arbitrarily chosen basis. (The complete computation cannot be provided here due to space limitations and will be presented in [47] .) A total of seven conjugacy classes of LTSs are found and listed in Table I . The subscripts m A and n B for the LTSs in the second column denote an m-D LTS containing one rotational/helical DoF and an n-D LTS containing two rotational DoFs, respectively. The same subscript convention is used for the corresponding symmetric submanifolds. Essentially, the same classification was reported in [1] . The only difference is that the 2-D LTS {ê 3 ,ê 4 + pê 1 } sp , although given here was omitted in [1] , since it can be essentially studied in the same way as {ê 3 ,ê 4 } sp .
The screw systems corresponding to the LTSs (normal form) are depicted in Fig. 3 . A generic member of each conjugacy class m is of the form Ad g m, g ∈ SE(3), where Ad g is the Adjoint transformation
It is also clear from Theorem 1 that the local Exp-submanifold exp m we discussed in Section I is actually an open neighborhood (about I) of a unique symmetric submanifold M ⊂ SE (3) when m is an LTS of se(3). We shall say M is generated (via inversion symmetry) by exp m, which we denote by 2 M = exp m . A generic member of each conjugacy class M is given by
It is proved that exp : g → G of a Lie subalgebra g into its corresponding Lie subgroup G may not be surjective (surjectivity fails for the conjugacy class of {ê 2 ,ê 3 ,ê 4 + pê 1 } sp ) [48] . The following proposition shows exp : m → M may not be surjective either. 
III. GEOMETRIC PROPERTIES OF SYMMETRIC SUBMANIFOLDS
In Section II-B, we use an LTS m ⊂ se(3) (identified with D − (M)) to recover the corresponding symmetric submanifold M = exp m ⊂ SE(3). A list of useful properties common to all symmetric submanifolds is given as follows.
Proposition 2: The following statements are true for all LTSs m and symmetric submanifolds M = exp m :
a) The right translation (back to the identity I) of the tangent space at g = e ξ , ξ ∈ m is given by
m.
In the case of g = e ξ 1 e ξ 2 e
m. 
b) m is Adjoint invariant by elements of the isotropy group
Proof: See Appendix E. First, Proposition 2a is indeed a generalization to Listing's law of human eye saccade for the special case of M 2B = exp m 2B and may, therefore, be referred to as the half-angle property. It is a direct consequence of the inversion symmetry of the symmetric submanifolds (see the proof of Proposition 2a). Other than correctly predicting human eye saccade behavior, the halfangle property also prescribes the location of the bisecting plane of a CV coupling and is, therefore, a convenient tool for position and constraint analysis of CV connecting chains [36] .
Second, Proposition 2b can be referred to as the conjugation invariance property of the corresponding LTS m and symmetric submanifold M = exp m . Physically, it corresponds to the fact that the kinematics of the underlying symmetric submanifold is uniform in the directions specified by the isotropy group H M . In the case of a 2-DoF (M 2B ) CV coupling, this uniformity ensures uniform (or constant) velocity transmission between two intersecting shafts. The conjugation invariance of M 3B , for example, can also be exploited to synthesize its parallel manipulators using identical and conjugate kinematic chains. From a more mathematical viewpoint, conjugation invariance implies that symmetric submanifolds should be quotient (or homogeneous) spaces of certain transitive Lie transformation group action, which we briefly summarized in Appendix A.
Third, in Proposition 2c, the completion algebra g m is very useful for type synthesis of kinematic chains for symmetric submanifolds (see Section IV). In the case h m ∩ m = {0}, the local parameterization exp I for an open neighborhood of I in G M is an immediate generalization of the tilt and torsion angle parameterization for SO(3) [32] .
We give two full computation examples with applications for a better understanding of the aforesaid geometric properties of symmetric submanifolds of SE(3). (3), with so(3) the Lie algebra of SO (3)) is an LTS. Since exp is surjective for m 2B by Proposition 1, M 2B = exp m 2B (see also [34] ) is
Example 1 (M 2B
It can be verified by straightforward computation (preferably using unit quaternions) that M 2B is closed under inversion symmetry
A computational verification of the half-angle property for M 2B = exp m 2B can be given as follows. According to [49, eq. (20) ]
forŵ ∈ m 2B = {x,ŷ} sp (which is equivalent to {ê 4 ,ê 5 } sp ).
Since both w andẇ lie in the xy-plane,ẇ(t) can be written as λ 1 w + λ 2 w ⊥ for some real numbers λ 1 , λ 2 and w ⊥ =ẑw. Then, (12) gives A direct consequence of the conjugation invariance is that exp m 2B may be generated by a parallel manipulator with identical and axially symmetric kinematic chains [50] . To see this, if a submanifold M with conjugation invariance prescribed by a Lie subgroup H M is locally contained in a POEsubmanifold k i=1 exp{ξ i } sp generated by a kinematic chain (ξ 1 , . . . ,ξ k ) (generation of symmetric submanifolds using kinematic chains will be systematically studied in Section IV)
Then, we have
where the conjugate submanifold C(g)( k i=1 exp{ξ i } sp ) still contains M and is generated by an identical but rigidly displaced chain (Ad gξ1 , . . . , Ad gξk ). A parallel manipulator comprising two or more such chains may generate M with appropriate velocity or force matching conditions [18, Prop. 6] .
Finally, exp I : {x,ŷ} sp × {ẑ} sp → SO(3) is simply a slight variation of the tilt and torsion angle parameterization [32] given earlier in (2) . Its parameterization singularity may be easily investigated using half-angle property: the spatial Jacobian of eŵ e σẑ ,ŵ = θ 1x + θ 2ŷ is given by
where the first two columns always span the half tilted xy-plane eŵ /2 {x, y} sp . Therefore It can be verified by straightforward computation that
for some λ ∈ R, where one needs to use both (13) and the following similar equation:
. The halfangle property immediately leads to a closed-form direct kinematic solutions for the reflected tripod [31] .
M 3B is conjugation invariant by elements of the isotropy group H M 3 B , which is given by exp h m 3 B = exp{ê 1 ,ê 2 ,ê 6 } sp = SE(2): Given any g ∈ SE(2) of the form
and therefore Ad g m 3B ≡ m 3B ∀g ∈ SE(2) and C(g)(M 3B ) ≡ M 3B ∀g ∈ SE(2). Using the same argument as in Example 1, we see that M 3B may be generated by identical kinematic chains with arbitrary planar displacement (see the M 3B modules of The BROMMI hyperredundant robotic arm [38] ). Finally,
gives a local parameterization of SE(3).
IV. GENERATING SYMMETRIC SUBMANIFOLDS USING SYMMETRIC KINEMATIC CHAINS

A. Symmetric Chains of Symmetric Submanifolds
Consider a k-D symmetric submanifold M = exp m and a basis of unit twists {ξ 1 , . . .,ξ k } ⊂ m for the LTS m. In general, M cannot be generated by the POE-submanifold k i=1 exp{ξ i } sp since it is not closed under group product. In view of the inversion symmetry, M can be locally generated by a (2k
We emphasize that the motion generated by an SC with arbitrary joint variables
. . , k − 1 is in general not contained in M (but in G M ) unless the joint variables are also symmetric as in
In this case, we say the SC undergoes a symmetric movement.
The following proposition shows that the joint twists in an SC can take general values in the completion algebra g m = h m + m. 
Proposition 3: Given a k-D LTS m of a symmetric submanifold M = exp m , a pair of unit twists
(ξ + ,ξ − ) of g m satisfies ∀g ∈ M, θ ∈ R ⇒ e θξ + ge θξ − ∈ M if ⎧ ⎨ ⎩ξ + =ξ +ζ, ξ − =ξ −ζ,ξ ∈ m,ζ ∈ h m(15+ i ,ξ − i ),ξ ± i ξ i ±ζ i ,ξ i ∈ m,ζ i ∈ h m , i = 1, . . . , k locally generates M = exp m if {ξ 1 , . . . ,ξ k } sp = m.
Condition (15) is equivalent to
Proof: See Appendix F. We emphasize that in the above proposition, although both {ξ
are linearly independent sets of twists, twists of the SC (ξ is also an SP of m. In particular, (Ad e +ηξ, Ad e −ηξ),ξ ∈ m is an SP of m.
Proof. See Appendix G.
B. Symmetry Type of Symmetric Chains
We shall use both the geometric condition (17) and the algebraic condition (15) to study the particular symmetry type of SPs and SCs for each LTS.
1) m 2B : Consider the conjugacy class of 2-D LTS m 2B = {ê 4 ,ê 5 } sp as shown in Fig. 3(b) . It consists of a pencil of zeropitch twists in the characteristic (char.) plane (Hunt's first special 2-system, [30] ). An SP (ξ whereξ ∈ m 2B andê 6 ∈ h m 2 B = {ê 6 
We shall refer to (ξ . Therefore, an m 2B -SC is a concentric RRRR or RRR chain with bilateral symmetry about the char. plane. As we have pointed out earlier, without the symmetric movement condition (14) , an m-SC may generate a general subset of the completion group G M = exp g m instead of exp m . Twists of an SC need not be linearly independent (or nonredundant) either. Since g m 2 B is the 3-D spherical Lie algebra so(3) of SO(3), the concentric 4-R chain is necessarily redundant. Whenζ 1 = 0, the 3-R chain is a nonredundant so(3)-chain. Whenζ 1 =ζ 2 = 0, ξ
and we have a singular so(3)-chain. Both the odd m 2B -SC and the even m 2B -SC can be found in the design of novel CV joints [51] , [52] .
2) m 3B : Consider the conjugacy class of 3-D LTS m 3B = {ê 3 ,ê 4 ,ê 5 } sp as shown in Fig. 3(d) , with h m 3 B = {ê 1 ,ê 2 ,ê 6 } sp . It consists of a field of zero-pitch twists in, and an infinite-pitch twist perpendicular to, the char. plane (Hunt's fourth special 3-system, [30] ). Its SP can be one of the following cases (see 
whereη 1 ∈ m 3B , with unit direction vector w 1 . The second half of (18) gives the algebraic condition for the same SP, where
The SP corresponds to a pair of prismatic joints that are symmetric about the z-axis in a plane containing them and is the same as a mirror symmetry about the char. plane if we flip the direction ofξ − 1 . This will make no difference in type synthesis but will reverse the joint variable forξ (19) The SP corresponds to a pair of helical joints with equal and opposite pitches p and −p (or a pair of revolute joints if p = 0) and is mirror symmetric about the char. plane. This gives an explicit proof of Hunt's observation that mirror symmetric helical joints in a CV kinematic chain should have equal and opposite pitches [35] . Note that whenη 2 ∈ m 3B is a zero-pitch twist, the axes of the two helical joints intersect at a point on the char. plane; whenη 2 is chosen to be the infinite-pitch twistê 3 , the axes of the two helical joints become parallel. An m 3B -SC consists of three nesting SPs {ξ
, each being one of the aforementioned cases. According to (16) , the three twistsξ
The enumeration of eligible candidates is studied in our earlier work [53] . The two most commonly seen m 3B -SCs [35] are the mirror symmetric RER chain, which is equivalent to a mirror symmetric RRPRR chain, and the mirror symmetric RSR chain, which is equivalent to a mirror symmetric 5-R chain. When (14) is not enforced, these chains generate 5-D submanifolds of SE(3).
The above results corroborate Hunt's exhaustive classification of 3-D CV chains in [35] . It also confirms our earlier conclusion that M 3B exp m 3B is indeed the motion type of 3-DoF CV couplings. Moreover, the mirror symmetry is a manifestation of the inversion symmetry of the underlying symmetric submanifold.
3) m 2A and m Fig. 3(a) , with h m
It consists of all twists with pitch p parallel to the x-axis in the char. plane and also a twist of infinite pitch perpendicular to the char. plane (Hunt's second special 2-system, [30] ). Note that m 2A is an LTS (subsystem) of m 3B ; its SPs can be synthesized in a similar manner and therefore have the same type of symmetry. As shown in Fig. 6 
An m 2A -SC can be one of the following: 1) a mirror symmetric RRRR or RRR chain with parallel axes; 2) a mirror symmetric PRRP or PRP chain with R perpendicular to the two P's; 3) a mirror symmetric RPPR or RPR with parallel R's both perpendicular to the P's. These are all planar motion generators if the symmetric motion condition (14) is not enforced. Synthesis of m p 2A follows exactly the same approach and has exactly the same result with all revolute joints replaced by helical joints with pitch p. Therefore, m p 2A -SCs are planar helical motion generators when (14) is not enforced.
4) m 3A : Consider the conjugacy class of 3-D LTS m 3A = {ê 1 ,ê 3 ,ê 4 } sp as shown in Fig. 3(c) , with h m 3 A = {ê 2 } sp . It consists of twists of all pitches on all lines parallel to the xaxis in the char. plane (xy-plane), and a twist of infinite-pitch perpendicular to the xy-plane (Hunt's tenth special 3-system, [30] ). From the fact that m Ad e −φê 4ξ1 = λ 1ê1 + c φ λ 2ê3 + λ 2 s φê2 whereξ 1 = λ 1ê1 + λ 2ê3 for some real constants λ 1 , λ 2 (see Fig. 7 ). The prismatic SP is no longer mirror symmetric about the xy-plane, but instead becomes mirror symmetric about the xz-plane. 
The enumeration of eligible candidates of (ξ can be found in [53] . Since m 4 -SCs are 7-or 8-DoF chains, they are redundant (and possibly, singular) SE(3) motion generators in the absence of the symmetric motion condition (14) .
We remark that since m 5 contains all other LTSs, its SPs can be any of the SPs of the aforementioned LTSs and do not possess a particular symmetry type. The derivation of its SCs can be conducted in a similar manner to the previous cases. Due to space limitations, a complete treatment of m 5 -SPs and SCs will not be given here.
Finally, when an SC of a k-D LTS m has less than k nesting SPs, its symmetric movement generates a submanifold of the symmetric submanifold M = exp m . Such incomplete SCs are also prevalent in practice. Fig. 9(b) ] is briefly mentioned in [35] and studied in [36] where λ ∈ R,ξ 1 ,ξ 2 ,η 1 ,η 2 ∈ m 2B . In other words, the UU SC is generated from an m 2B SC (ζ The SC generates a 2-D submanifold of M 3B under symmetric motion condition (14) . In comparison to an m 3B -SC, it has not a free but a dependent translational DoF [29] . Rosheim used this phenomenon to characterize the human shoulder complex movement [41] .
Example 3 (UU SC). A UU SC [as shown in
The UNITRU coupling can be synthesized using three or more identical UU SCs with axial symmetry, since the generated 2-D submanifold is conjugation invariant by elements of exp{ê 6 } sp [29] .
V. CONCLUSION
In this paper, we have systematically studied inversion symmetry of the special Euclidean group SE(3) and its symmetric submanifolds that arise from kinesiology and robot mechanical systems. Besides sharing many similarities with Lie subgroups of SE (3), symmetric submanifolds expand our general knowledge of motion types for the analysis and synthesis of many kinesiological joints or robot mechanical generators that defy a Lie group explanation.
The main contribution of our work is as follows. First, we have identified, for the first time, seven conjugacy classes of symmetric submanifolds of SE(3) (see Table I ), which are generated via inversion symmetry by the exponential image of Lie triple subsystems of se (3). As far as the authors are aware, this is also the first time the inversion symmetry of SE (3) is studied. Second, we found that these symmetric submanifolds share both a list of geometric properties and also a universal type synthesis method for their symmetric twist chains, which are kinematic chains comprising nesting symmetric twist pairs. Third, the symmetry type of the symmetric pairs and symmetric chains for each LTS is systematically studied, thereby systematically extending (if not completing) Hunt's observation made more than 40 years ago.
Our ongoing work comprises: systematic type synthesis of parallel manipulators generating symmetric submanifolds and systematic kinematics and singularity analysis of such parallel manipulators (some preliminary case study is available in [50] ); application of symmetric submanifolds of SE(3) in robot dynamics, planning and control; study on general Expsubmanifolds exp n with n a general vector subspace of se (3) that is neither a Lie subalgebra nor a Lie triple subsystem.
APPENDIX A SYMMETRIC SPACE AS HOMOGENEOUS SPACE [42] , [43] The group of displacementsG generated by Q(SE (3) ) is the Cartesian product SE(3) × SE(3), which acts on SE(3) via
where the quadratic representation Q(g) of g ∈ SE(3) is given by (g, g −1 ) ∈G. The associated involution σ :G →G is given by
The stabilizer H σ of σ equals {(g, g)|g ∈ SE(3)} and is the same as the isotropy groupH of I ∈ SE(3).
The homogeneous spaceG/H is diffeomorphic to SE(3) via
and dπH (ξ 1 ,ξ 2 ) =ξ 1 −ξ 2 . 
The group of displacements of M is generated by the Lie algebrã g given bỹ
Therefore,G is generated by elements of the form (eξ +ζ , e −ξ+ζ ) and a generic element of M is given by τ ((eξ +ζ , e −ξ+ζ ), g) =
The vector subspaces m, h m and g m in Propositions 2b and 2c are in fact the projection ofm,h, andg into the first component of se(3) × se(3).
and therefore [ξ 
which can be generated by exp m p 2A via only one inversion I 2ipπx + θz 
Next, in light of Proposition 1, for any ∀g ∈ M, either g = eξ,ξ ∈ m or g = eξeηeξ,η,ξ ∈ m. In the former case 
= C(h)(eξ) · C(h)(eη) · C(h)(eξ)
is reduced to the former. Therefore, we have C(h)(M) ⊆ M.
The equality holds since C(h) is a diffeomorphism for any h ∈ SE(3), i.e., 
